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Abstract
The numerical integration of the Hamilton{Poisson systems via the weighted Euler integrator is discussed and some of
its geometrical properties are pointed out. c© 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
The goal of our paper is to present new details and complete proofs of some results previously
announced in [3].
The material is organized as follows. In Section 2 we give a direct proof of the well-known
characterization of constant Poisson structures in terms of skew-symmetric matrices. In Section 3 we
present the basic model of a noncanonical Poisson dynamics and summarize some of its properties.
Finally, in Section 4 the connection between these Hamilton{Poisson systems and their corresponding
weighted Euler integrators is discussed and some of its geometrical and dynamical properties are
pointed out.
2. Constant Poisson structures
Let Rn be the classical n-dimensional Euclidean space, C1(Rn;R) the space of smooth (=C1)
real-valued functions dened on Rn and Mnn(R) the space of real matrices of type nn. For each
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u 2Mnn(R) we dene the bracket f; g on C1(Rn;R) by the following relation:
ff; gg def=(3f)T  u 3g; (2.1)
where 3f is the gradient of f and (3f)T denotes its transpose. Then we have:
Theorem 2.1. The above bracket (2:1) denes a Poisson structure on Rn if and only if the matrix
u is a skew-symmetric one.
Proof. Let u 2Mnn(R),
u= [ij]:
Then it is easy to see that the antisymmetry of bracket (2.1) holds if and only if the matrix u is
skew-symmetric. Leibniz rule can also be obtained without any problem. So, we shall concentrate
only to the Jacobi identity.
For each f; g; h 2 C1(Rn;R) let us denote by S the following expression:
S = ff; fg; hgg+ fg; fh; fgg+ fh; ff; ggg
or equivalently
S =
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Let us remark now that if r; s; t; v 2 f1; 2; : : : ; ng; (r; s) 6= (t; v), then, taking into account that u is a
skew-symmetric matrix, the coecient of the (xed) term rstv from the expression of S is
T rstv − T srtv − T rsvt + T srvt + T tvrs − T tvsr − Tvtrs − Tvtsr
M. Puta et al. / Journal of Computational and Applied Mathematics 111 (1999) 147{152 149
which is, after an easy computation, equal to 0. If r = s and t = v, then the coecient of the term
2rs from the expression of S is
T rsrs − T srrs − T rssr + T srsr
which is again equal to 0, and so Jacobi's identity is veried.
3. The dynamical model
In all that follows we shall be concerned with Hamilton{Poisson models of the form
_x = u 3H (x); x 2 Rn; (3.1)
where u is a skew-symmetric matrix (see Theorem 2.1) and H is the Hamiltonian or the energy.
Let  : Rn ! Rn be a dieomorphism.  is said to be a Poisson dieomorphism if it preserves
the Poisson structures, i.e.,
ff; gg  = ff  ; g  g
for each f; g 2 C1(Rn;R), or alternatively
(D(x) u (D(x))T = u; (3.2)
where D denotes the Frechet derivative.
Theorem 3.1 (Weinstein [4]). The ow  t of system (3:1) has the following properties:
(i)  t is a Poisson dieomorphism for each t.
(ii) H ( t(x)) = H (x); for each x 2 Rn.
(iii) If C : Rn ! R is a function such that u 3C = 0; then C yields a kinematic conservation
law of (3:1).
Remark 3.1. The functions C as in the above theorem are usually called Casimir functions.
Remark 3.2. For the canonical Hamiltonian systems we have
u=

Om Im
−Im Om

;
where Im (respectively Om) denotes the identity (respectively null) matrix.
4. The weighted Euler integrator
The basic aim of this section is to investigate the weighted Euler integrator which closely mimics
our Theorem 3.1. It is usually given by the implicit recursion:
x k+1 − x k
h
= u 3H (x k+1 + (1− )x k): (4.1)
This is a discrete analog of (3.1) for time step h and it is for each  a second-order accurate
integrator.
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Theorem 4.1 (Puta [3]). The weighted Euler integrator (4:1) is a Poisson integrator with respect
to the constant Poisson structure (2:1) if and only if = 12 .
Proof. It is easy to see that for h small enough the implicit recursion (4.1) denes a dieomorphism
H via
x k+1 = H (x k): (4.2)
We compute the Frechet derivative DhH (x) as follows. By denition,
y = hH (x)
is the unique solution to the implicit equation
F(x; y) = y − x − h u 3H (y + (1− )x) = 0:
Dierentiating
F(x; hH (x)) = 0
gives
D1F + D2F  DhH = 0; (4.3)
where DiF; i = 1; 2 denote the partial Frechet derivatives. For h small enough D2F has an inverse
and (4.3) may be rearranged to give
DhH =−(D2F)−1  (D1F):
Now, an easy computation shows us that
D1F =−In − h(1− ) u Hxx(hH (x) + (1− )x)
and
D2F = In − h u Hxx(hH (x) + (1− )x):
Letting
Q(x) = Hxx(hH (x) + (1− )x)
denote the symmetric Hessian matrix, we obtain
DhH (x) = [In − h u Q(x)]−1[In + h(1− ) u Q(x)]:
Now it is enough to prove that
DhH (x)  u  (DhH (x))T = u:
According to the above calculations, it is sucient to show that:
[In − h u Q(x)]−1[In + h(1− ) u Q(x)]  u 
 [(In − h u Q(x))−1(In + h(1− ) u Q(x)]T = u
or equivalently
[In + h(1− ) u Q(x)] u [In + h(1− ) u Q(x)]T
=[(In − h u Q(x)] u (In − h u Q(x)]T: (4.4)
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Since
uT =−u
and
[Q(x)]T = Q(x);
we have successively
[In + h(1− ) u Q(x)] u [In + h(1− ) u Q(x)]T
=[In + h(1− ) u Q(x)] u [In − h(1− )Q(x)  u]
=[ u+h(1− ) u Q(x)  u][In − h(1− )Q(x)  u]
=[ u −h(1− ) u Q(x) u+h(1− ) u Q(x)  u
−h2(1− )2 u Q(x)  u  Q(x)  u]
= u −h2(1− )2 u Q(x) u Q(x)  u;
and similarly
[In − h u Q(x)] u [In − h u Q(x)]T
=[In − h u Q(x)] u [In + hQ(x)  u]
=[ u −h u Q(x)  u][In + hQ(x)  u]
= u+h u Q(x) u −h u Q(x) u −h22 u Q(x) u Q(x) u
= u −h22 u Q(x) u Q(x) u :
Hence the equality (4.4) holds if and only if
= 12
as required.
Remark 4.1. If = 12 we recover the result of Austin et al. [1].
Remark 4.2. In the particular case
u=

Om Im
−Im Om

;
we recover the result of Feng [2].
Theorem 4.2 (Puta [3]). The weighted Euler integrator preserves the Casimir functions of our
conguration (Rn;u); i.e.;
C(x k+1) = C(x k)
for each k 2 N.
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Proof. Indeed, by Theorem 3.1
u 3C(x) = 0
for each x 2 Rn and then
C(x k+1)− C(x k) = [3C(x)]T(x k+1 − x k)
= h(3C(x))T u 3H (x k+1 + (1− )x k)
= 0
as desired.
Remark 4.3. It is not hard to see that the Hamiltonian H of our Hamilton{Poisson system is not
in generally preserved by the weighted Euler integrator (4.1).
References
[1] M.A. Austin, P.S. Krishnaprasad, L.S. Wang, Almost Poisson integration of rigid body systems, J. Comput. Phys.
107 (1) (1993) 105{117.
[2] K. Feng, On dierence schemes and symplectic geometry, in: K. Feng (Ed.), Proceedings of the 1984 Beijing
Symposium on Dierential Geometry and Dierential Equations-Computation of Partial Dierential Equations, Science
Press, Beijing, 1985, pp. 42{58.
[3] M. Puta, Some remarks of the weighted Euler integrator, J. Comput. Math. 15 (3) (1997) 288.
[4] A. Weinstein, The local structure of Poisson manifolds, J. Dierential Geom. 18 (1983) 523{557.
